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We derive a producer-scrounger model with age-structure in scrounger and looks
into its dynamics. Using the methods of eigenvalue analysis and Lyapunov function,
we ﬁnd suﬃcient and necessary conditions for globally asymptotical stability of
extinction equilibrium and scrounger-free equilibrium. A so-called basic reproduction
ratio R0 was established to determine whether the scrounger is extinct or uniformly
persistent. It is found that if R0 > 1, the mature time τ does change the dynamical
behavior of the model. We conﬁrm that Hopf bifurcation happens if the mature time
τ increases.
Keywords: producer-scrounger model; age-structure; stability; uniform persistence;
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1 Introduction
There are three forms of basic interaction between two species: cooperation, competi-
tion, and predator-prey, which has been extensively investigated (e.g., see [, ] and the
references therein). However, interaction forms between species in nature are complex
and diverse. To forage foods, some species not only catch and feed on prey, but also can
scrounge foods from others. For example, Bugnyar and Kotrschal [] found that the free-
ranging ravens steal wolves’ food in a game park and the wolves prevent their food from
being stolen. This phenomenon is called kleptoparasitism and describes an interaction
form between two species, scrounger and producer. Here, scrounger steals food from pro-
ducer.
To describe the kleptoparasitism interaction, Cosner and Nevai [] recently established





∂t = dP + (–b – aP)P +m(x)
dP
S+d , t ≥ ,
∂S
∂t = dS + (–b – aS)S + θm(x)
PS
S+d , t ≥ .
(.)
Here x ∈ , is a bounded domain inRn with smooth boundary, P and S are the densities
of producer and scrounger, respectively, m(x) denotes the producer’s ability to discover
food at x ∈ , and d >  represents the producer’s ability to avoid food to be stolen, bi is
the natural mortality rate, ai is the death rate caused by intraspecies competition, di >  is
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the spatial diﬀusive rate, and θ is the energy transition rate. Note that letting S =  in the
ﬁrst equation of (.), we have
∂P
∂t = dP +
[
m(x) – b – aP
]
P,
and thus we can regardm(x) as the birth rate of producer without scourging. Furthermore,
m(x) dS+d is the birth rate of producer with scounging.
General speaking, all individuals always have two stages, immature andmature, and they
perform very diﬀerently in some aspects. For example, the immature ravens are incapable
to ﬂy and have to stay in the nest while the mature ravens undertake the task of search-
ing for food. In mathematics, a model with delay τ (being the maturation period) can be
established to describe the population dynamics with age-structure (e.g., see [–]). In
the current paper, we try to establish a producer-scrounger model with age-structure in
scrounger, and study the dynamics and the inﬂuence of maturation period in the scrounge
interaction.
The paper is organized as follows. In Section , a producer-scrounger model with age-
structure in scrounger is derived. In Section , the basic theory, including existence,
uniqueness, positivity and boundedness of solutions for the model are discussed. The
stability of equilibriums, uniform persistence, and Hopf bifurcation are investigated in
Section . Some numerical simulations and concluding discussions are given in the last
section.
2 Model derivation
Let P(t) remain the density of producer at time t ≥ , and positive numbers b, a, m, d,
and θ be of the same meaning as in system (.). Assume that S(t) and I(t) express the
densities of mature scrounger and immature scrounger, respectively, b (b) is the natural
mortality rate of mature (immature) scrounger, a (a) is the death rate of mature (im-
mature) scrounger caused by intraspecies competition. Furthermore, assume that there
exists neither competition between the immature scrounger and mature scrounger nor
intraspecies competition between the immature scroungers (i.e., a = ). For simplicity,
we assume that the spatial environment is homogeneous, and thusm(x)≡m is a constant.
Firstly, we see that the producer ﬁts an equation as follows:
dP(t)
dt = –bP(t) – aP
(t) +m dP(t)S(t) + d .
Now we derive equations for scrounger. Let i(t,a) be the density of immature scrounger




∂a = –bi(t,a). (.)
Let I(t) =
∫ τ
 i(t,a)da, where τ ≥  is a constant number that denotes the time period for
an immature to become mature from its birth. Integrating equation (.) from  to τ with
respect to the variable a, we get
dI(t)
dt = i(t, ) – i(t, τ ) – bI(t). (.)
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Here, i(t, ) denotes the density of new-born scrounger at time t, and i(t, τ ) is the recruit-
ment term, coinciding with those of maturation age.
Suppose that there is a resource of one. If the proportion of this resource ultimately ac-
quired by the producers is dS(t)+d , and the mature scroungers have resource accounted for
 – dS(t)+d =
S(t)
S(t)+d . Considering the producer’s ability to discover food, the number of pro-
ducers, and the energy transition rate, we can regard θm P(t)S(t)+d as the birth rate of mature
scrounger, and then i(t, ) = θm P(t)S(t)+d S(t).




Solving (.), we get
iξ (a) = iξ ()e–ba. (.)
Let a = τ and ξ = t – τ in (.). Then
i(t, τ ) = i(t – τ , )e–bτ = θmP(t – τ )S(t – τ )S(t – τ ) + d e
–bτ .
Therefore, equation (.) can be rewritten as
dI(t)
dt = –bI(t) + θm
P(t)S(t)
S(t) + d – θm
P(t – τ )S(t – τ )
S(t – τ ) + d e
–bτ ,
and further the equation about the mature scrounger follows:
dS(t)
dt = –bS(t) – aS
(t) + θmP(t – τ )S(t – τ )S(t – τ ) + d e
–bτ .














S(t–τ )+d e–bτ ,
dS(t)
dt = –bS(t) – aS(t) + θm
P(t–τ )S(t–τ )
S(t–τ )+d e–bτ .
(.)
Note that in (.), I(t) is independent of the ﬁrst and third equations. Therefore, we only









dt = –bS(t) – aS(t) + θm
P(t–τ )S(t–τ )
S(t–τ )+d e–bτ .
(.)
Remark . If τ = , then system (.) yields to (.) with homogeneous spatial environ-
ment.
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Remark . If there exists competition between immature scroungers (i.e., a > ), then




∂a = –bi(t,a) – ai(t,a)I(t).









dt = –bI(t) – aI(t) + θm
P(t)S(t)
S(t)+d
– θmP(t–τ )S(t–τ )S(t–τ )+d exp[–
∫ t
t–τ (b + aI(η))dη],
dS(t)




t–τ (b + aI(η))dη].
(.)
3 Basic theory of solutions
In this section, we study the existence, uniqueness, positivity, and boundedness of solu-
tions of (.).
Denote X = C([–τ , ],R+), R+ = {(x, y)T : x ≥ , y ≥ }. Then X is a Banach space with
norm ‖φ‖ = max{|φ(ξ )| : ξ ∈ [–τ , ]}, where | · | is the standard norm in R. For σ >  and
φ ∈ C([–τ ,σ ),R), deﬁne φt ∈ X as φt(ξ ) = φ(t + ξ ) for t ∈ [,σ ) and ξ ∈ [–τ , ].
Deﬁne f : X →R by
f (φ) =
(
–bφ() – aφ () +m dφ()φ()+d




where φ = (φ,φ)T ∈ X. It is easy to see that f is continuous and Lipschitz on φ in every
compact set ofX. In view of the basic theory of functional diﬀerential equations ([], The-
orem ..), we know that for any initial function φ = (φ,φ)T ∈ X, there exists a unique
local solution (P(t),S(t))T = (P(t;φ),S(t;φ))T of (.).
For biological signiﬁcance, we consider the initial function satisfying
P(ξ ) = φ(ξ )≥ , S(ξ ) = φ(ξ )≥ , ξ ∈ [–τ , ],
φ() > , φ() > .
(.)
In the discussion of boundedness of solutions, we need the positivity of the immature
scrounger. Therefore, in the following, to express the initial value condition of immature
scrounger, we use
I(ξ ) = φ(ξ )≥ , ξ ∈ [–τ , ], φ() > .
Then we have the following conclusion.
Lemma . (Positivity) The solution (P(t),S(t), I(t))T of (.) with initial function φ ≥  is
nonnegative on its existence interval. Furthermore, if φ() > , φ() > , then (P(t),S(t)) >
(, ) as long as the solution (P(t),S(t)) exists.
Proof Assume that the maximal existing interval of (P(t),S(t), I(t)) is [,T). Without loss
of generality, wemay assume that τ < T . For t ∈ [, τ ], we have P(t–τ )≥  and S(t–τ )≥ .
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Thus, for t ∈ [, τ ], we have
dS(t)
dt = –bS(t) – aS
(t) + θmP(t – τ )S(t – τ )S(t – τ ) + d e
–bτ ≥ –bS(t) – aS(t).
Comparing S(t) with the solution V (t) of the initial problem
dV (t)
dt ≥ –bV (t) – aV
(t), V () = S()≥ ,
we have S(t) ≥  for t ∈ [, τ ]. By using the induction argument, S(t) ≥  holds as long as
it exists.
Assume that there exists t such that P(t) < . Since P()≥ , by continuity andwithout
loss of generality, we can ﬁnd some t < to with P(t) ≥  for t ∈ [, t] and P(t) <  for
t ∈ (t, t). From the fact S(t)≥  and the ﬁrst equation of (.) we have
dP(t)
dt ≥ –bP(t) – aP
(t) +mP(t), t ∈ (t, t).
Actually, the solution of dZ(t)dt = –bZ(t)–aZ(t)+mZ(t) withZ(t) =  is the zero solution.
Then the comparison principle leads to P(t) ≥  for t ≥ t, in contradiction with P(t) < ,
t ∈ (t, t), that is, P(t)≥  if P()≥ , also on its maximal existence interval.











P(ξ – τ )S(ξ – τ )









P(ξ – τ )S(ξ – τ )




Thus, the nonnegativity of P(t) and S(t) leads to the nonnegativity of I(t). Furthermore,
I(t)≥  if I()≥ .
If φ() >  and φ() > , then a similar argument leads to (P(t),S(t)) > (, ) on its
maximal existence interval. The proof is complete. 
The following lemma will lead to the global existence of solution (P(t;φ),S(t;φ)).
Lemma. (Boundedness)The solution (P(t),S(t))T of (.) satisfying the initial condition
(.) is bounded as long as it exists.
Proof Weconsider (.) with the initial conditions (.), where (φ,φ,φ)T ∈ C([τ , ],R+).
In view of Lemma ., we can obtain the existence of a unique local positive solution of








= –θbP(t) – θaP(t) + θm
dP(t)
S(t) + d – bI(t) + θm
P(t)S(t)
S(t) + d – bS(t) – aS
(t)
= θ (m – b)P(t) – θaP(t) – bI(t) – bS(t) – aS(t).
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θP(t) + I(t) + S(t)
)
≤ θ (β +m – b)P(t) – θaP(t)
= –θa
(
P(t) – β +m – ba
)
+ θ (β +m – b)

a













which implies that (P(t),S(t)) is bounded as long as it exists. 
In view of Lemmas . and ., we can draw the following conclusion.
Theorem . There exists a positive solution of (.) deﬁned on [,∞) with the initial
condition (.), which is unique. Furthermore, the solution semiﬂow (t) of (.), deﬁned
by [(t)φ](ξ ) = (Pt(ξ ),St(ξ ))T , is well deﬁned and has a global attractor in X.
4 Global dynamical properties
In this section, we look into the stability and Hopf bifurcation of system (.). Firstly, we
investigate the existence of equilibria.
Lemma . The following conclusions for (.) hold.
() The zero equilibrium (extinction equilibrium) E = (, ) always exists.
() A unique nonzero boundary equilibrium (scrounger-free equilibrium)
E = (m–ba , ) := (p, ) exists if and only ifm > b.
() A unique positive equilibrium (coexistence equilibrium) E∗ = (p∗, s∗) exists if and only
if
θme–bτ (m – b) > dab,
where E∗ = (p∗, s∗) satisﬁes
–b – ap∗ +m
d
s∗ + d = , –b – as




In addition, if E∗ exists, then E also exists.
Proof The proof of () and () is obvious, so we omit it here. Now we prove (). A coexis-
tence equilibrium E∗ exists if and only if the following algebraic system (.) has a pair of
positive roots:
–b – ap +m
d
s + d = , –b – as + θm
p
s + d e
–bτ = . (.)
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Solving (.) is equivalent to that two curves have a cross-point in the ﬁrst quadrant ofR.
Note that the curve p = a (–b + m
d
s+d ) decreases as s ≥  increases and has a unique
cross-point (m–ba , ) with the p-axis. We know that p =
ebτ
θm (b + as)(s + d) increases to
+∞ as s increases to +∞ and also has a unique cross-point ( ebτ
θm bd, ) with the p-axis.
Thus, their p-intercepts are m–ba and
ebτ
θm bd, respectively. Thus, a unique positive cross-
point of the two curves exists if and only if their p-intercepts satisfy m–ba >
ebτ
θm bd, that
is, θme–bτ (m – b) > dab. The proof is complete. 
4.1 Basic reproduction ratio and stability of boundary equilibria
The following theorem describes the stability of extinction equilibrium E.
Theorem . If m ≤ b, then the extinction equilibrium E = (, ) is globally asymptoti-
cally stable; if m > b, then the extinction equilibrium E is unstable.









and the corresponding characteristic equation takes the form
(λ –m + b)(λ + b) = . (.)
It easy to see that (.) has and only has two roots, –b + m and –b. If m > b, then
–b +m is positive. Thus, E is unstable ifm > b.
Now assume thatm≤ b. Let
V(P,S)(t) = θe–bτP(t) + S(t) + θme–bτ
∫ τ

P(t – η)S(t – η)






P(t – η)S(t – η)





P(t – η)S(t – η)






P(t – η)S(t – η)
S(t – η) + d dη
= –P(t – τ )S(t – τ )S(t – τ ) + d +
P(t)S(t)




–bτP′(t) + S′(t) + θme–bτ
(P(t)S(t)
S(t) + d –
P(t – τ )S(t – τ )










–bS(t) – aS(t) + θm
P(t – τ )S(t – τ )
S(t – τ ) + d e
–bτ
)
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+ θme–bτ
(




= –aθe–bτP(t) – bS(t) – aS(t) + θe–bτ (m – b)P(t).
Since m≤ b, it follows that dV(P,S)(t)dt ≤ , and dV(P,S)(t)dt =  if and only if (P,S)(t) ≡ (, ).
The proof is complete. 
Now, we deﬁne a basic reproduction ratio R for (.) (see []). Linearizing the second




d S(t – τ ) – bS(t) = θme
–bτ p
d St(–τ ) – bS(t).
We then separate the last equation into two parts: dS(t)dt = F(St) – VS(t). The ﬁrst part
F(St) describes the newly growth mature scroungers at time t depending linearly on the
scrounging interaction over [t – τ , t], and the second part –VS(t) describes the internal
evolution ofmature scroungers. Here, we deﬁne the function F mappingC([–τ , ],R) into
R by F(φ) = θme–bτ pd φ(–τ ) and use VS(t) = bS(t). It is easy to see F is a nonnegative op-
erator and the one-dimensional matrix –V is cooperative. Denote Fˆ mapping R in R by
Fˆu = F(uˆ), where uˆ(θ ) ≡ u for ∀θ ∈ [–τ , ]. Thus, Fˆ = θme–bτ pd . Then, according to [],









where r(M) denotes the spectral radius of matrixM, and M– denotes the inverse matrix
ofM.
Remark . With R deﬁned as before, we see that R >  is consistent with the condi-
tion for the existence of a unique coexistence equilibrium. Further, R is in proportion to
the birth rate of producer without mature scrounger’s eﬀect (θmpd ), the survival rate for
immature scrounger (e–bτ ), and the average lifetime of mature scrounger ( b ).
Theorem . Assume that m > b. If R ≤ , then the scrounger-free equilibrium E =
(p, ) is globally asymptotically stable; if R > , then the scrounger-free equilibrium is un-
stable.













and the corresponding characteristic equation takes the form
(λ + ap)
(






Note that g(λ) := λ + b – θmpd e–bτ e–λτ → ∞ as λ → ∞. If R > , that is, g() = b –
θmpd e–bτ < , then we can conﬁrm that g(λ) =  has a positive root. Thus, E is unstable.
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Now assume that R ≤ . Let
V(P,S)(t) = θe–bτ
(




+ S(t) + θme–bτ
∫ τ

P(t – η)S(t – η)
S(t – η) + d dη.
























–bS(t) – aS(t) + θm
P(t – τ )S(t – τ )




























= –θme–bτ S(t)(P(t) – p)S(t) + d – aθe












= –θme–bτ S(t)(P(t) – p)S(t) + d – aθe
–bτ (P(t) – p
) – aS(t)
+ θme–bτ pRd
(R – )S(t) + θme–bτ
(P(t) – p)d – pS(t)












Since R ≤ , it follows that dV(P,S)(t)dt ≤ , and dV(P,S)(t)dt =  if and only if (P,S)(t)≡ (p, ).
The proof is complete. 
4.2 Persistence
Now we study the uniform persistence of system (.) (see []). Denote X = {φ =
(φ,φ) ∈ X : φ() > ,φ() > } and ∂X = X\X. Obviously, X is an open set in X.
Let (t)φ = (Pt ,St)(φ) be the solution semiﬂow of (.) deﬁned in Theorem .. Further-
more, (.) and the boundedness of (P(t),S(t)) yield the boundedness of (P′(t),S′(t)) for
t ≥ . Now, by the Arzéla-Ascoli theorem we know that every positive half-orbit of :
γ +φ = {(t)φ : t ≥ } is precompact. As usual, for every equilibrium E of (.), we call
Ws(E) =
{







‘the stable set of E’.
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Theorem . Assume that R > . Then system (.) is uniformly persistent. That is, there
exists a positive number ε such that lim inft→∞ P(t) > ε and lim inft→∞ S(t) > ε.
Proof Denote by ω(φ) the omega limit set of the positive half-orbit γ +φ = {(t)φ : t ≥ }
and X∂ = {φ ∈ ∂X :(t)φ ∈ ∂X, t ≥ }.
For all φ ∈ X∂ , we have (t)φ ∈ ∂X = X\X = {φ = (φ,φ) ∈ X : φ() =  or φ() = }
for any t ≥ . This implies that either P(t) =  or S(t) =  for t ≥ . If P(t) =  for some t,
then for t ≥ , P(t) ≡ , and further we have ω(φ) = E. Otherwise, P(t) >  and S(t) ≡ 
for any t ≥ , and then ω(φ) = E. Thus, ⋃φ∈X∂ ω(φ) ⊂ M := {E,E}, and no subset of M
forms a cycle in ∂X.
We now prove that there exists δ >  such that lim supt→∞ S(t) ≥ δ for all solutions
(P(t),S(t)). If it is false, then for any δ > , there exists a solution (P(t),S(t)) such that
lim supt→∞ S(t) < δ. This leads to S(t) < δ for suﬃciently large t. By the ﬁrst equation of
(.), for suﬃciently large t, we have
dP(t)
dt = –bP(t) – aP
(t) +m dP(t)S(t) + d > –bP(t) – aP
(t) +mdP(t)
δ + d .
Therefore, lim inft→∞ P(t)≥ a (–b +m dδ+d ) and P(t)≥ a (–b +m dδ+d ) – δ for suﬃciently
large t.
From the second equation of (.), for suﬃciently large t, we have
dS(t)
dt = –bS(t) – aS
(t) + θmP(t – τ )S(t – τ )S(t – τ ) + d e
–bτ
≥ –bS(t) – aS(t) + θm
( a (–b +m
d
δ+d ) – δ)S(t – τ )
S(t – τ ) + d e
–bτ .
Note the characteristic equation of
dV (t)
dt = –bV (t) – aV
(t) + θm
( a (–b +m
d
δ+d ) – δ)V (t – τ )
V (t – τ ) + d e
–bτ (.)
is
λ = –b + θm
( a (–b +m
d
δ+d ) – δ)
d e
–λτ e–bτ . (.)
In view of the assumption θme–bτ (m – b) > dab, we can choose δ small enough such
that θme–bτ (m–ba –
mδ
a(δ+d) – δ) > db. This implies that (.) has a positive root and the
solution V (t) of (.) grows exponentially. Furthermore, by comparison argument, S(t)
can also grow exponentially, in contradiction with the boundedness of S(t). Therefore,
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Then it follows that E and E are both isolated in X and
Ws(E)∩ d–(,∞) = ∅, Ws(E)∩ d–(,∞) = ∅,
where d–(,∞) = {φ ∈ X : d(φ) > }.
According to [], Theorem, there exists a positive number ε such that lim inft→∞ P(t) >
ε and lim inft→∞ S(t) > ε. The proof is complete. 
4.3 Stability of coexistence equilibrium and Hopf bifurcation
In this section, we need some notation:
u := ap∗ + as∗ + θm
p∗
s∗ + d e










(s∗ + d) e
–bτ , v := –θm
ad(p∗)
(s∗ + d) e
–bτ + θm dp
∗s∗






√–(u – v – u) +
√






v(ω – u) – uvω
v + vω
.
Ourmain results in this subsection are described in the following theorem concerning the
stability of coexistence equilibrium and Hopf bifurcation.
Theorem . Assume that R > . Then we have the following conclusions.
() The coexistence equilibrium E∗ is globally asymptotic stable for τ = .
() If u > v, then the coexistence equilibrium E∗ is locally asymptotic stable for any
τ ≥ .
() If u < v, then the coexistence equilibrium E∗ is locally asymptotic stable for
≤ τ < τ and unstable for τ > τ. Furthermore, (.) undergoes a Hopf bifurcation
at E∗ when τ = τ. Here u, v, τ are constants deﬁned previously.











dt = –bS(t) – as∗S(t) + θm
s∗P(t–τ )










λ + as∗ + θm
( p∗








(s∗ + d) e
–bτ e–λτ = . (.)











(s∗ + d) = .
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It is easy to see this equation has exactly two negative roots, and thus the coexistence
equilibrium E∗ is locally asymptotic stable.
Deﬁne the Lyapunov function
V(P,S)(t) = θ
(
P(t) – p∗ – p∗ ln P(t)p∗
)
+ ds∗ + d
(
S(t) – s∗ – s∗ ln S(t)s∗
)
.


























+ ds∗ + d
(
























– θmds∗ + d
( p∗




















– θmds∗ + d
p∗(S(t) – s∗) + (s∗ + d)(p∗ – P(t))







) – ads∗ + d
(
S(t) – s∗
) – θmds∗ + d
p∗(S(t) – s∗)
(s∗ + d)(S(t) + d) ≤ .
Furthermore, dV(P,S)(t)dt =  if and only if (P,S)(t)≡ (p∗, s∗). Thus, E∗ is globally asymptoti-
cally stable when τ = .
Case . If τ > , denote
u(λ) = λ + uλ + u, v(λ) = vλ + v.
Then (.) can be rewritten as g(λ, τ ) = , where
g(λ, τ ) := u(λ) + v(λ)e–λτ =
(
λ + uλ + u
)
+ (vλ + v)e–λτ .
By calculation we have















(s∗ + d) e
–bτ
)









–bτ + θm dp
∗










u + v = aap∗s∗ + θm
a(p∗)
s∗ + d e
–bτ – θmad(p
∗)
(s∗ + d) e
–bτ + θm dp
∗s∗
(s∗ + d) e
–bτ
= aap∗s∗ + θm
as∗(p∗)
(s∗ + d) e
–bτ + θm dp
∗s∗
(s∗ + d) e
–bτ
> .
This leads to that the sign of u – v is consistent with the sign of u – v.
Assuming that ±iω is a pair of pure imaginary roots of (.) such that
g(iω, τ ) = u(iω) + v(iω)e–iωτ = ,
which yields u(iω) = –v(iω)e–iωτ , and thus |u(iω)| – |v(iω)| = . Now there exist two sub-
cases, u > v and u < v.









∣ = ω +
(
u – v – u
)
ω + u – v
has no positive roots, and thus no stability switch occurs, that is, the coexistence equilib-
rium E∗ is locally asymptotic stable for any τ ≥  from its stability for τ = .





√–(u – v – u) +
√
(u – v – u) – (u – v)
 ,
and as τ increases, stability switch occurs. Eventually the coexistence equilibrium E∗ be-
comes unstable. In detail, ±iω is a pair of pure imaginary roots of (.) such that
g(iω, τ ) =
(
–ω + iuω + u
)
+ (ivω + v)e–iωτ = .
Separating its real and imaginary parts, we have
u –ω + vω sinωτ + v cosωτ = ,
uω + vω cosωτ – v sinωτ = .









, k = , , , . . . .
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= – λ + u







G(ω) = ω +
(
u – v – u
)


















– iω + uiω(–ω + iωu + u)




 + (u –w)







 + u – v – u)(vω + v) – vG(ω)
[uω + (u –ω)](vω + v)
= ω

 + u – v – u
uω + (u –ω)
=
√
(u – v – u) – (u – v)
uω + (u –ω)
> .
Combining the stability of E∗ for τ = , this implies that the transversal condition for Hopf
bifurcation holds at τ = τ. The proof is complete. 
In fact, we could discuss the direction and stability of the Hopf bifurcation by using the
normal form theory and the center manifold reduction introduced by Hassard et al. [].
However, the algorithm is standard, and the application of the result needs complex com-
putations. Therefore, we just do some numerical simulations in the next section instead.
5 Numerical simulations and concluding discussions
We now give numerical simulations as R >  for (.) with some diﬀerent values of pa-
rameters (see Figures -). We can see from Figures  and  that the dynamical behavior
would be very complex when R >  and u < v with large τ . That is, the time delay τ has
really a huge impact on the dynamical behavior of (.).
In the following, we give some discussion on the inﬂuence of maturation period τ in the
scrounge interaction.
The existence of producer. The existence of producer is just determined by their ability
to discover food (m) and the natural mortality rate b. However, the mature time τ does
not determine the existence of producer.
The existence of scrounger. The basic reproduction ratio R determines the existence
of scrounger. Note that R = θm pdb e
–bτ decreases as τ increases, and it is a bounded
function of variable τ . We ﬁnd that (i) if θmp < db, no matter how long the mature time
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(a) (b)




Figure 2 The case of R0 > 1 and u0 = 60.3465, v0 = 112.4246, τ0 = 0.6461, where b1 = 10, a1 = 1,
b2 = 0.8, a2 = 10,m = 30, d = 1, θ = 3, τ = 0.5, b3 = 2, P(t) = 1, S(t) = 1.65 for t ∈ [–0.5, 0].
is, the scrounger ﬁnally extincts; (ii) if θmp > db, shorter mature time is in favor of the
existence of scrounger.
Global behaviors for R > . In the case R > , we have no results of the global stability
for τ > . But in view of the global convergence to the coexistence equilibrium E∗ at τ = 
and numerical simulations, we found that the mature time τ does change the dynamical
behavior of the model. We conjecture that (i) when u > v, the coexistence equilibrium
is globally asymptotically stable for τ > ; (ii) when u < v, the coexistence equilibrium
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(a) (b)
(c)
Figure 3 The case of R0 > 1 and u0 = 44.0951, v0 = 120.0637, τ0 = 0.5223, where b1 = 10, a1 = 1,
b2 = 0.8, a2 = 10,m = 30, d = 1, θ = 3, τ = 0.55, b3 = 1, P(t) = 0.9, S(t) = 1.7 for t ∈ [–0.55, 0].
(a) (b)
(c)
Figure 4 The case of R0 > 1 and u0 = 81.8961, v0 = 101.5272, τ0 = 1.1423, where b1 = 10, a1 = 1,
b2 = 0.8, a2 = 10,m = 30, d = 1, θ = 3, τ = 3, b3 = 0.5, P(t) = 2, S(t) = 1.5 for t ∈ [–3, 0].
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(a) (b)
(c)
Figure 5 The case of R0 > 1 and u0 = 50.9158, v0 = 116.9143, τ0 = 0.5647, where b1 = 10, a1 = 1,
b2 = 0.8, a2 = 10,m = 30, d = 1, θ = 3, τ = 3, b3 = 0.25, P(t) = 2, S(t) = 1.5 for t ∈ [–3, 0].
remains globally asymptotically stable for small τ > ; (iii) when u < v, the positive solu-
tions convergence to a periodic solution for large τ .
Note that we also derived another model (.) in Section , whereas there exists compe-
tition between immature scroungers. The investigation of this model seems challenging.
We leave it as an open problem.
We want to make some more comments on open problems. In this article and [], we
both assume that the proportion of the resource ultimately acquired by producer after
the interaction is dS+d , where S is the number of scroungers. However, there may be some
other models for diﬀerent species groups by using diﬀerent proportion functions. In this






dt = –bP(t) – aP(t) +mg(P,S,d)P(t),
dS(t)
dt – bS(t) – aS(t) + θm( – g(P,S,d))P(t).
(.)






dt = (m – b)P(t) – aP(t),
dS(t)
dt – bS(t) – aS(t).
(.)
If g(P,S,d) = dS+d , (.) becomes (.) with homogenous spatial environment.
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We can also consider other cases such as g(P,S,d) = dS+d for diﬀerent species and such
that even g actually depends on the producer P. Furthermore, one can derive a newmodel
that involves a continuous immature age structure. We leave these problems for future
research.
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the ﬁnal manuscript.
Acknowledgements
Research is supported by NSF of China (11171120) and the Natural Science Foundation of Guangdong Province
(2016A030313426). We are very grateful to the anonymous referee and the editors for a careful reading and helpful
suggestions, which led to an improvement of our original manuscript.
Received: 31 March 2016 Accepted: 8 September 2016
References
1. May, RM: Stability and Complexity in Model Ecosystems. Princeton University Press, Princeton (2001)
2. Murray, JD: Mathematical Biology: I. An Introduction, 3rd edn. Springer, New York (2002)
3. Bugnyar, T, Kotrschal, K: Scrounging tactics in free-ranging ravens, Corvus corax. Ethology 108, 993-1009 (2002)
4. Cosner, C, Nevai, AL: Spatial population dynamics in a producer-scrounger model. Discrete Contin. Dyn. Syst., Ser. B
20, 1591-1607 (2015)
5. Aiello, WG, Freedman, HI: A time-delay model of single-species growth with stage structure. Math. Biosci. 101,
139-153 (1990)
6. Al-Omari, J, Gourley, SA: Monotone travelling fronts in an age-structured reaction-diﬀusion model for a single
species. J. Math. Biol. 45, 294-312 (2002)
7. Al-Omari, J, Gourley, SA: Monotone traveling fronts in a structured population model with distributed maturation
delay. IMA J. Appl. Math. 70, 858-879 (2005)
8. Al-Omari, J, Gourley, SA: A nonlocal reaction-diﬀusion model for a single species with stage structure and distributed
maturation delay. Eur. J. Appl. Math. 16, 37-51 (2005)
9. Gourley, SA, Kuang, Y: Wavefronts and global stability in a time-delayed population model with stage structure. Proc.
R. Soc. Lond. A 459, 1563-1579 (2003)
10. Smith, HL: A structured population model and a related functional-diﬀerential equation: global attractors and
uniform persistence. J. Dyn. Diﬀer. Equ. 6, 71-99 (1994)
11. So, JWH, Wu, JH, Zou, XF: A reaction-diﬀusion model for a single species with age structure. I. Travelling wavefronts
on the unbounded domains. Proc. R. Soc. Lond. A 457, 1841-1853 (2001)
12. Weng, PX, Huang, HX, Wu, JH: Asymptotic speed of propagation of wave fronts in a lattice delay diﬀerential equation
with global interaction. IMA J. Appl. Math. 68, 409-439 (2003)
13. Weng, PX, Liang, D, Wu, JH: Asymptotic patterns of a structured population diﬀusing in a two-dimensional strip.
Nonlinear Anal. 69, 3931-3951 (2008)
14. Hale, JK: Theory of Functional Diﬀerential Equations. Springer, New York (1977)
15. Zhao, X: Basic reproduction ratios for periodic compartmental models with time delay. J. Dyn. Diﬀer. Equ. 27, 1-16
(2015)
16. Smith, HL, Zhao, X: Robust persistence for semidynamical systems. Nonlinear Anal. 47, 6169-6179 (2001)
17. Cooke, KL, Driessche, PVD: On zeros of some transcendental equations. Funkc. Ekvacioj 29, 77-90 (1986)
18. Kuang, Y: Delay Diﬀerential Equations with Applications in Population Dynamics. Academic Press, New York (1993)
19. Hassard, BD, Kazarinoﬀ, ND, Wan, Y: Theory and Applications of Hopf Bifurcation. London Mathematical Society
Lecture Note Series, vol. 41. Cambridge University Press, Cambridge (1981)
